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Abstract-The problem of a broken tiber. embedded in an infinite medium with distinct elastic
properties. is studied theoretically. The composite is subjccted to tensile loading parallel to the fiber.
T,' simulate the inlluence of a weak tiber-matrix interface. interfacial slippage governed by a
Coulomb friction law is permitted. The solution method that is employed reduces the problem to
four coupled singular integral equations which are solved numerically. Results for the average axial
tiber stress. for the enhancement in the tensile stress in the matrix and for the opening of the crack
are presented; where relevant. comparisons are made with simplified. highly approximate methods
of analysis.

I. INTRODUCTION

failure in tiber-reinforced composites is generally preceded by the development of damage.
Among the most common forms of damage arc fibcr breaks and matrix cracks. In cemmic
matrix composites. matrix cracks .lppe.lr ut lower stresses due to the lower ductility of the
matrix, while fibers begin to fail at stresses upprouching the ultimute strength. The study
of the stress redistribution associated with the development of dumuge is of interest for
several reasons: for example. damage alters the subsequent stress ··struin behuvior. and
damage eventually coalesces in some way to cause failure. This paper is concerned. in
particular. with the redistribution of the stresses associated with the breaking of a liber.

The first serious attempt at a solution to the problem of a broken liber uppears to be
that of M uki and Sternberg (1971). who treated the fiber as a one-dimensional continuum.
from whidl it was possible to develop an integral equation for the force carried by the liber.
A rigorous. fully three-dimensional solution to this problem was developed by Ford (1973).
who considcred both the load tmnsfer back to the broken fiber. which was of interest to
M uki and Sternberg, as well as the stress intensity factors.

In so far as its relevance to many real composites. however, the problem studied by
Muki and Sternberg (1971) and Ford (1973) is deficient in one important respect: it
presumes perfect bonding at the fiber-matrix interface. By contrast. the interfaces of many
composites arc far from perfect; indeed. the strength-or weakness-of the interface is
consistently cited as having a major influence on composite properties. Since the effects of
damage. particularly tiber breaks. are highly sensitive to interface conditions, methods of
analyzing damage in the presence of an imperfect interface are potentially of great value.
Herein. we present a rather general, highly accurate method for analyzing the stress redis
tribution associated with a broken fiber; besides its applicability to the case of perfect
bonding at the interface. this method, as will be seen. can hundle a wide variety of interface
laws.

We illustrate this method ofanulysis and its predictions by employing a simple interface
model which may be relevant to ceramic-matrix composites. In some brittle-matrix com
posites there appears to be no chemical bonding ut the interface; instead. the fiber and
matrix arc coupled by friction or mechanicul interlocking (Phillips. 1974; Prewo und
Brennan. 1980). These experimentul observations have suggested the plausibility of a fric
tional model for the interface. Using a Coulomb friction law for the interface, Dollur and
Steil' (1989) considered thc two-dimensional broken fiber problem. under the assumption
that the elastic moduli of the fiber and matrix are identicul. They found the stresses near
the fiber break to be nOllsillgular. with the stress concentration dependent on the interface
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parameters and on the applied load. Furthermore. the rate at which load is transferred
back to the fiber is signitlcantly slower than the transfer rate assuming perfect bonding.
more consistent with simplified shear-lag style analyses. Wang /:,( al. (1989) showed that the
method of Dollar and Steil' (1989) involving distributed dislocations may be generalized to
cases where the fiber and matrix have different moduli. provided the slip length is vanishingly
small compared with the break.

With the eventual goal of treating the full three-dimensional bimaterial broken fiber
problem with a frictional interface. the present authors recently developed an interface
integral equation method. As a test of this method. we applied it to the two-dimensional
bimaterial broken fiber problem (Schwietert and Steif. 1991): by comparison with known
solutions. this method was shown to provide rather accurate numerical solutions. In the
present paper. we demonstrate that this method is readily modified to handle axisymmetric
three-dimensional problems. in particular the broken fiber problem that is of concern here.
As has been appreciated by others. the rate of load transfer to the broken fiber is of central
importance to the residual strength and the subsequent stiffness of the damaged composite.
Hence. a principal focus here will be on the nature of the load transfer and its dependence
on interface and material parameters. In addition. we will present results for the stress
enhancement near the break. as well as for the crack-tip opening displacement.

.:. PROBLEM DESCRlI'TION

The problem we arc nlnsidering is shown schematically in Fig. I and is best described
with a polar coordinate system (r./I. :). An inlinitcly long tlher of circular cross-section.
occupying 0 < r < iI. () < /I ~ 27!. is cmhedded inside an inflnite medium. the matrix. The
fiber and the matrix arc homogeneous. isotropic and linear clastic. with shear modulus and
Poisson ratio G I • \'1 and G~. \'~. respectively. A residual state of stress is assumed to exist.
in which the normal stress at the interface is compressive (<T,>, = -<Til < 0) and there is no
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residual shear stress at the interface; the fiber-tnatrix interface is capable of slip according
to a Coulomb friction law. The fiber is broken at : = 0 over its entire cross-section. result
ing in a penny-shaped crack of radius a. The crack faces are subjected to an opening
pressure p.

A point-wise Coulomb friction law is employed here to model the interfaces. According
to this friction law. at any instant in the loading history either sticking. slipping or opening
occurs at a generic point along the interface. Conditions for these three states along the
interface r = a are as follows:

stick condition

slip condition

dg dll
(f < O.lrl < pl(fl. d't = O. II = dt = 0

(
d9) dh

(f < O.lrl = 111(f1. sgn <It = sgn (r). 11= dt =0

( la)

(I b)

with

open condition (f = r = O. II > 0

9 = lim [u:<a+s.:)-IIJa-<:.:)J
r.-O"

II = lim [u,(a +I:.:) - u,(a -I:. :)J.
r. .... f) ...

( Ie)

(2a.b)

(2c)

(2d)

In these el.luations II, and II: denote the r- and :-components of displacement. respec
tively. JI is the friction coellicient which is assumed to be constant along the interface.
and d( )/dt denotes the deriv'ltive with respect to a time-like p.lrameter that increases
monotonically as the loading proceeds. The condition sgn (dfl/dt) =sgn (r) is the condition
of positive energy dissipation whkh dictates that the instantaneous increment of slip be in
the same din..-ction .IS the shear stress. Note tlHlt we ignore the distinction between static
and kinetic friction.

We wish to point out the connection between the problem just posed and the problem
of a broken fiber under a n'nlOte load. In general. the composite will have residual stresses
which arise during its fabrication and processing. This distribution of residual stresses will
be quite complicated (practically defying analysis). but is likely to be described rather
crudely as follows. There is a residual longitudinal normal stress (ff in the fiber and (fM in the
matrix (one tensile. one compressive). and there is a residual radial tension or compression (fn

at the interface. These stresses arc often estimated with a concentric cylinder analysis which
uses the Lame solution [sec. for example. Timoshenko and Goodier (1970)J. Let there also
be a remotely applied longitudinal tension. By itself. this remote tension causes the stress
in the fibers to be (f, and. in general. gives rise to a radial stress (fraJ at the interface. «(fraJ

is uniform to the same degree of approximation as the residual stress (fn is uniform.)
Consider now the problem of a single broken tiber in an infinite medium which has

the stresses just described; the broken fiber must have zero tractions across the cnlck faces.
Of particular interest is the feasibility of decomposing this problem into one involving
pressure applied to the crack faces. If one were analyzing a composite with a perfectly
hom/eel imerfaC('. then one would only need to solve the problem of opening the crack faces
with a pressure which is equal to (f'1> +(fF (while the remote stresses are zero); the piecewise
constant stresses associated with the remote stress and all the residmll stresses can then be
simply added b,lck in the end. In the case of a Coulomb friction interface. however. it is
necessary to account for the total tractions at the interface. This can be done by again
considering the opening of the crack faces with a pressure (f~. +(ff' The shear stress (f,: at
the interface associated with this pressurization loading is the only shear stress in the
problem. The total normal stress at the interface. however. includes contributions from the
residual stresses. from the remote load. as well as from the pressurization loading. Thus.
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to solve the probkm with the pressurization loading. one must include an dfective residual
normal stress (J" = -(J" = (In+arJJ' where it is ,lssumed that (In+(JrJJ < O. Note that an

actually changes with the load through the term I1'r.,J' although here we do not account
explicitly for any variation of 11'" with 11' , . Tho: longitudinal stresses can again bo: added back
at the o:nd without changing the esso:ntial featuro:s of tho: solution associated with the crack
or the interfaco:.

(n analyzing this problem, it is of interest to o:xamine the nature of the stress field near
the perimeter of the penny-shaped crack. Experience with other problems involving cracks
impinging on frictional interfaces (Dollar and Steil'. 1989: Schwietert and Steil'. 1991)
suggests that the stresses in the vicinity of the fiber break are, in fact, nonsingular. To see
that this carries over to the three-dimensional axisymmetric problem. we appeal to Zak
(I 96·t). wht) showed that tho: stress SIlli/lI/arillcs at cylindrical corners in axisymmo:tric
problems correspond to those of plane strain problems with equivalent boundary
conditions. This equivalenco: can be appro:ciated by noting that the hoop strain must be
boumkd as it is givo:n by /:"" = II. r: thus. it is no:gligible in comparison with tho: radial and
axial strains which aro: singular. Tho:ro:foro:. to tkmonstrate the ahs('/I('c of singular stresses
in the three-dimensit)nal problem. it is sutlicient ttl show the absence of singular stresses in
tho: analogous two-dimensional plane strain probkm. Once this is denHlnstrated. however.
one can o:xpect the forms of the tilllle ncar-tip stress liclds tt) be dilfcrent in the two cases:
the axisYlllllletric strain state is not etfcctin:ly plane strain now. since the hoop "train is no
longer negligibk in comparison with the other strains.

It is. theref~)re. sullicient to consider the conliguration of Fig. :2 and search for separable
"t ress field" Ill' t he form (T ~ I' '. whL're I' is thl' dist;lI1..:e from the crack tip and admissible
valuo:s of i. aro: in th..: range () < R..: (i.) < I. In Schwio:tert and Steil' (11.)91) tho: possibility
Ill' singubr str.:ss fidds for this configuration was anaIY/.:d. for dill\:n:nt valu.:s of th..:
Dundurs (11)(,7) himat<:ri;d p;lramL'tcrs

(;,(1,'1+1) ,·(jl(h,+I)

(i ,( h' 1 + I) +(i 1(", + I )

who:n: 1-: 1 .:::: J -41'1 and K, = J -41'~ in plane strain.
It was found that for most rdo:vant valu..:s of 7.. /; and p, tllo:n: arc lIO admissibh: stro:ss

singularitio:s. hll' .:.\alllpic if il :=: 0..\. singularitio:s aro: only possible for extro:mo: moduli
ratios ((j I!i(j~ ~ 50), This ro:mains .:ssentially truc for largo: valuo:s ofp as wdl. As mo:ntiono:d
in tho: Introdlll.:tion. our I:oncern is mainly with liba-n.:inforl:ed cerami..:s: the moduli of the
constituents or tho:se materials arc typil:ally not so Jill't:n:nt. Ho:nt:e, it can bl: concluded
that no stro:ss singularitil:s will bo: pro:so:nt for rdel'lll/t I:ombinations of moduli. For otha
composito: systems, such as graphite Iibo:rs in an o:poxy matrix. mild singularities an: possibk.

0t»,CfpO' uo
continuous

Fig. ' CPllliguralipll alld hOUlldary CPlldillPIlS fpr thc Ilcar-tlp slrcs, analysts.
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3. METHOD OF SOLUTION
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In this section we will present the integral equation method which is used to solve the
problem considered here. This method was developed earlier (Sehwietert and SteiL 1991) for
silhing two-dimensional problems and is extended here to three-dimension.t1 axisymmetric
problems. We will take advantage of the synlll1etry ahout the plane: = 0 .lI1d solve the
problem for the upper half of the composite (: > 0). The method reljuires the introduction
of two 'llIxiliary hodies.t Consider hody I which is a homogeneous half-space having the
same moduli as the liher. In the portion () < r < (I. () < () ::;; 2rc and () < : < f. of hody I.
we will set up the same stress and displacement fields as exist in the corresponding portion
of the composite body. Todo this, we apply a uniform pressurepoverO < r < (/,0 < () < 2n:.
: = 0 and zero tractions over the rest of the surface: = O. In addition, we apply a dis
trihution of ring forces df = d/~c, +d/~c: (sec Fig. 3)

dt;c,+d(c, =PI (:)c, d:+p~(:)c,d: on r = (1,0 < (}::;; 2rc, 0 <: < x. (3)

Note that these body forces, which preserve axisymmetry <lbout the :-<lxis, must be
<lpplied so as to induce no additional tr.tctions on the plane: = O. Of p<lrticular interest
will he the tr<letions and displacement gmdients at r ..... (I', where (I is defined as

(/ == lim «(1-1:) .
.t,-.U
~>u

We denote these tractions and displacement gradients by u;'. u~, u;,: and u;::. By suitably
adjusting the distributions 1'1(:) and l'z(:). one c<ln produce any distribution of tractions <It
the surl~tce r = a . (Note th.tt the stresses <lnd displacement gmdients can be discontinuous
.tcross the surface of body forces: however. we arc only interested in field quantities inside
0< r < a.) The glXi\ is to produce the correct u;" u~:, II;': <lnd u;,:: namely, those values of
stress and displacement gntdients along r = {/. that equ<ll the corresponding values in the
composite body. Then. since the stress and displacement fields inside 0 < r < a depend
uniquely on u~. u~. II;': and II;': (and on Pl. the same stress and displacement fields will exist
inside 0 < r < Cl of body I as in the corresponding portion of the composite body.

tOur methnl! is in some ways similar to that employed by F'lrd {19731. who also introduces ;\ulIiliary bodies.
His method. in which a penny crack solution is built in. has the advantage that the homogeneous. perfectly bonded
solution emerges ellactly. while it does not in our method. On the other hand. our method is more convenient to
apply to problems in which the stress is nowhere singular.
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Consider now body 1 which is a homogeneous. infinite body having the same moduli
as the matrix. In the portion r > a of body :2 we will set up the same stress and displacement
fields as exist in the corresponding portion of the composite body. To do this. we apply a
distribution of ring forces df = dt;e, + dre: (see Fig. 4)

d/;e,+dre: = p,(:)e, d:+p~(:)e:d: on r = a,O < ti ~ lIT. - X <: < x (4)

where P.,(:) =p,( -:) and -pA:) =rA -:).
Note that these body forces preserve symmetry about the plane .: == O. as well as

axisymmetry. Now the tractions and displacement gradients at r ..... a· will be of particular
interest. Here. a +- is defined as

a+ == lim (a+I:).
1:-_0
I: :~. 0

(5)

We denote these tractions and displacement gradients by (j~,l. (j~~. 1I;~ and ll~~. By suitably
adjusting the distributions p,(:) and p~(:). one can produce any distribution of tractions
and displacements at the surface x == a l-. (Discontinuities again exist across the surface of
body forces: however. now we are only interested in field quantities in the region r > a.)

The goal is to produce the correct a;:. (j~~. 1I;~ and 1I;'~; namely. those values of stress and
displacement gradients along r = a" that equal the corresponding values in the composite
hody. Then. since the stress and displacement fields in the region r > a depend uniquely on
(j;~l. (j~I. ll;~ and ll~~. the same stress and displacement fields will exist inside these regions
as in the corresponding portion of the composite hody.
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The nature of the interface in the composite material will determine the appropriate
relationship between (7~r. (7;:. u;:. u~: and (7~. (7~. u~. u~. In the case that the conditions
for a Coulomb friction interface prevail. this relationship is given by:

0";" = 0"~1 • O"~ = (7~ • 1I~: = u~:. u~: = u~ stick zone.

0";, = (7~1 = 0.0";: = O"~ = 0 open zone.

(6a)

(6b)

(6c)

The functions 1',(:). Pc(:)' Py(:) and 1'4(:) have to be adjusted in such a way that eqns (6)
hold along appropriate portions of 0 < : < tX). Then. the region 0 < r < a of body I can
be matched up with region r > a of body 2. yielding the solution to the problem.

Expressions for (7;'. (7~. u~: and u~.: in terms ofp. 1'\(=) and Pz(=) and (7~. (7~, u~ and
/l~,-= in terms of 1')(:) and 1'4(:) are given by the following:

a~~ = 1'..1 0 (:)+ !pd:)+ r" p\(:')A 1(:. :') d:' + rx: p=(:')A=(:. :') d:'Jo Jo

(T;~ =pBo(:)+!P:(:)+ r' p,(:')B,(:.:')d:'+ r" p:(:')B!(:.:')d:'Jo Jo

II;': ="("0(:)+ r'p,(:')C(:.:')d:'+ r"p!(:')C2(:.:')d:'Jo Jo

II~.: ="/)0(:)+ f' pl(:')D1(:.:')d:'+ r' p:(:')D 2(:.:')d:'
Ju Ju

(7a)

(7b)

(7c)

(7d)

(841)

(8b)

(8c)

(8d)

wh~re th~ k~rnds ..1,(:.:'). B,(:.:'). Ci (:.:') and D,(:.:') are derived from the solutions
for a ring load in a half-space (i = 1.2) and from the solutions for a ring load in an infinite
space (i = 3.4). These ring load solutions can be found by applying the Hankel transform
to the governing cquution and boundary conditions (Sneddon. 1951). und arc given in the
Appendix. With the results of Eason et al. (1955). the resulting integrals can then be
expressed as functions of elliptic integrals and can be readily evaluated. Ao(:). Bo(:). Co(:)

and Do(:) are ckrived from the solution to a half-space on which a uniform pressure is
upplied over the area of a circle with radius a (Sneddon. 1951). A subset of these kernel
solutions has been presented by Selvadurai and Rajapakse (1985).

From intcrfucc conditions (6) and eqns (7) and (8). a set of four coupled integral
equations for the four functions can be derived. Alternatively. if the cracked fiber were
perfectly bonded to the matrix. then the condition would be continuity of traction and
displacement (6a). and again four coupled integral equations can be derived. Use will be
made use of this when the method is tested on problems with a perfectly bonded interface.

These integral equations were solved numerically by a standard discretization
procedure. For convenience. a change of variables
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is employed tt) transform the domain of the intcrf~lCe 0 < :: < x. to 0 < ~ < I. The domain
o< ~ < I is then divided inw X equally sized intervals. and the interfacial stresses and
displacement gradients IT:r • 11:,. ll:,. 1/, and 11~'. 11;:. 1I~~. ll~~ are evaluated in the mid-points
of these intervals. For this evaluation the functions PI(::). Pel::). p,(::) and p~(=) are
approximated as piece-wise linear functions with two exceptions. To capture the behavior
of the stress Held as :: -> 1. properly. the functions in the last interval (:: \ I < :: < x.) are
approximated by a constant divided by _ '. For cases in which the interface is perfectly
bonded. the stress field is singular in that 11 ... II 'as the crack tip is approached; the order
of the singularity. i.. is real and dept'nds on the relative moduli (Hein and Erdogan. 1971).
Therefore in the first. say. .\/ intervals. the functions are approximated by a linear function
divided by _ to account fpr the singular behavior c!pse to the crack tip. The validity of this
representation is justitied in Schwietert and Steil' (1991). All results presented are based on
X = 40; I'llI' singular problems. J/ = 4.

Ckarly. the accuracy pf this mcthod is dependent on the discretization and on the
interpolation functions that are chosen. f-kre. the major goal is to solve the broken Hber
problem with a li'ictio1/(/1 interface: in previous studies of similar problems (Dollar and
Steil". I\)i'ii'i. I\)i'i\) : Stei f and Dollar. I\)i'iX I piece-wise linear interpolation functions had been
found to give ll1()re an:urate results than. for cxampk. the often-used Chebyshev
polynomials (Frdogall ('/ (//.. 19D). For the purpose of testing its m:curat.:y. this method
will also he applied to some prohkms in whit.:h the interface is perfectly bonded: for tlwse
cases the dHlit.:e of piece-wise linear intcrplliation funt.:tions is possibly not optimal.

4. REst if IS\:\D DISCUSSION

In Sehwietert and Steil' (1991) we applied this integral equation method to several two
dillll:nsillnal test prohlcms. I kn.: we apply the nH.:thod to two test probkms. now three
dimensional problems. ha\ing lhl: same gl:oll1etry and loading as thl: main problem studied
in this paper (Fig. I I. but having different interfat.:e wnditilH1S and dastit.: propaties. For
the lirst test problem. the inlerf'at.:e is perli:t.:tly bonded and lhl: clastit.: properties of the tiber
and the matrix arc identical. This is equivalent to the problem of a penny-shaped aat.:k in
a homogeneous material. whkh was solved by Sneddon (1951). For the second test problem
lhe inlerfat:1: is perli:dly bonded. but IlllW lhe dastit: properties of lhe matrix and the libel'
arc not identit:al. This problem was solved by Ford (IlJ73).

In thl: lirsl test problem the integral I:l!uations are set up according to eqns (6a). Now
the stress lIetd is singular. with lhe ordl:r of the singularity. i.. equal to 1/2. Three specific
results ofour cakutations were compared with Sneddon's penny-crack solution: the stresses
(1" and 11,: along the inlerfacl:. and the stress 11:: on the plane == O. The error in the stresses
11" and 11" was found to bl: less than 0.5% over lhe entire range. except in the interval closest
10 the t.:rat:k. where the error is approximately 5'1.,. The error in (1:: at the plane:: = 0 was
found to det.:rease with ilH.:reasing =: it appears to be less than I% for points further than
().05a from till: perimeter of till: crack (f > 1.05a) and less than 0.5'Yo for
points further than O.la from the perimeter of the crack. Close to the t.:rack the error
inl:rl:ases signilit.:antly :1Ilt! is. for example. about 10% for a point at a distant.:e of O.OOla
from the perimeter.

[n the second test problem. the inlegral equations were again set up according to (6:1).

The stress tidd is :lg:lin singular and the order of the singularity. i.. which can be calculated
from the results of the study by Hein and Erdogan (llJ71). is real and in the interval
o < i. < I. For this problem the axial libel' stress. averaged over the libel' cross-section. l:.
was calculated for different t.:ombinalions of material parameters G I. \'1. G z. I! Z and compared
with the results of Ford (1\)73). This average axial libel' stress at :: =::1 is found by
integrating the interfacial shear stress fT.: frol11 :: = 0 to =, :
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( 10)

Comparing r is. therefore. tantamount to comparing a,: at the interface. Note that the
average a~ial fiber stress is equal to -p at : = 0 and approaches 0 as =...... x.. The results
were found to correspond very well with the results of Ford (within 2~-;'). provided a
correction was introduced to compensate for the error in (J,: in the first interval. In this
comparison. the ratio of elasticity moduli G ,iG ~ was varied from I to 10. The largest
correction for (J,: in the first interval was about Io~·;, for the case G,,'G ~ = 10.

From the results of these test problems. and of the test problems presented in Schwietert
and Steif (1991). one can conclude that the method proposed here can give accurate results
for the main problem studied in this paper. We will focus this study on five cases. with
different ratios of Young's moduli EdE~. The first case corresponds to a homogeneous
materi4l1. E,/E~ = 1. For the second case. we have chosen the parameters of a Nicalon
reinforced lithium-41lumino-silicate glass ceramic (Prewo. 1986). which has 41 modulus
mtio EilE~ = 2.38. For the third case. we have chosen the pummeters of Silicon curbide
monofilament-reinforced borosilicate gluss cerumic. which has 41 modulus ratio Ell E~ =
6.75 (Prewo. 1982; Prewo et al.. 1986). In the fourth and fifth case the modulus ratios
were chosen to be the reciprocals of cases 2 and 3. with the matrix (the uncracked con
stituent) being stitTer than the libel' (the cr'lcked constituent); hence E,IE~ = 0.42 and
EdE~ = 0.15. respectively. (The problem then represents u circular matrix. crack which
impinges on surrounding libel'S.) For convenience. we have lixed \', = \'~ = 0.3 for all these
cases (which makes Ell! E~ = G I/G ~). and we have chosen the Coulomh friction coellicient
1110 he (1.3.

We anticipate the s~Jlution to involve slip over some portion of the interface. In
particular. we expect the libel' to slip with respect to the matrix over the region () < 1=/ < I.,.
In this work. we will limit ourselves to cases which h.lve slip. but no opening over the
interface. A sutlicient condition to ensure no opening is that the stress normal to the
interface. (f". is compressive over the entire interl~lce; for the cases studied this has to be
verified II posferiori. For this problem the integral e4uations arc set up according to the
rehllions (6'1) and (6b). Since the problem now docs not contain a singularity. the functions
in the intervals dose to the crack tip arc also approxim'lled as piece-wise linear.

A dilliculLy that arises in solving the equations is that the slip length L, is dependent
on p. JI and a". For numerical convenience we fixed II and Lja. and then solved the equations
assuming difrerent values of p/a", The correct value of p!a" corresponds to interfacial
stresses and displacement gradients at the end of the slip zone satisfying both (6'1) and (6b)
(a smooth transition from slip to stick). Thus solved. the solutions for (1" and a" along the
interface approach zero at the crack tip. as one would expect from the two-dimensional.
asymptotic stress field (Dollar ,LIld Steil', IYXY; Schwietert and Steil', 19X9). This suggests
that. unlike the solution for the perfectly bonded problems. the error in the solution at the
crack tip is small. These calculations were repeated for the live cases mentioned above; as
expected. the slip length increases with increasing piau. We also carried culculutions for the
set of parameters EI!E~ = 5. \', = \'~ = 0.25 and Jt = n.5. This cuse was considered by Aksel
t't al. (199 I). who calculated the slip length for this using a finite clement method. The
results agree to within Io'Yo •

In studying a broken weakly-bonded libel'. our focus is mainly on three particular
results: the load transfer from the tiber to the matrix; the opening of the crack tip which
is a consequence of the interfucial slippage; and the stress concentration ncar the broken
fiber. One question of interest is whether the load trunsfer and the crack-tip opening can
be estimated by approximate analyses which are ubiquitous in the composites literature [see.
for example. Kelly and Davies (1965) and Marshall and Evans (1985»). These approximate
analyses assume that the shear stress at the interface is constant, say ro. [Note that extensions
of the shear-lag method to account for variations in normal stress which can alter the
friction stress have been proposed (e,g. Takaku and Arridge. 1973; Morton and Groves.
1976; Steil'. 1984; Shelly. 1988). However. we compare our results only with constant
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int-:rfaciaI shear str-:ss analyses since these seem to b-: standard in micro-m-:chanics models
of ceramic-matrix composites.] Then. by equilibrium arguments. the avcragc stress in a
broken fiber. l:"rr' must be linear with distance from the break according to

-,

rJPp(=d=-T,,=,-p (0<=1 <L)
a

( 11 )

where the transfer length La is given by p/2ro. Note that this approximate analysis gives
a constant load transfer rate. and that all of the load is transferred over the length L.

Through th-: use of a concentric cylinder analysis. one can similarly estimate the
slippage which causes crack-tip opening. With the linear load transf-:r. one can find the
strains in th-: fiber and the matrix and then integrate over the slip length (transfer length)
to obtain the jump in displacement which is the crack-tip opening. This procedure. which
is better known in the case of estimating the matrix-erack opening (Marshall and Evans.
1985). leads to the following result:

,ra
1\' = .

4r"E,
( 12)

The infinite-domain problem demands a great deal of any approximate analysis and more
sophisticated approximate methods might conceivably be employed to estimate the opening.
The point here. however. is merely to indicate the degree to which the simplest-minded
approach can give reasonable answers.

Two aspects of the load transfer arc of interest: the rate at which the load transfers
over the slip lone alld tht: fraction of the total load that is transferred over the slip lone.
Figure 5 shows the average axial libel' stress versus =/a Il.)r case:' and case 5. Il.)r a slip
length of L, = 2.JJ3a. The applied pressure p is about :'3J!1" in both cases. hgure 5 also
shows the average axialriber stress calculated with (II). assuming T" is equallo JUT" (dashed
curve). This rcsull indicates that over the slip zone the rate of load transfer is almost
constant; however. the rate is higher than if a constant shear stress Jl!1" is assumed and
much higher if the liner is more compliant than the matrix. This may be understood by
considering the discussion of the results of other frictional interface problems (Dollar and

...!:- .2.33
au

/

/
/

/

/
/

/

/ ~ Constant shear stress approximation

-0.8
Slip length I-1.0

0 2 3 4 5
z
a

0.0

G 1
-0.2 -",0.15

G2

...!:- = 2.33
au

E -0.4

P

-0.6

Fig. 5. Average axiallibcr stress near the crack lip (I' = O.J).
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Steil'. 1988. 1989). There it was found that the shear stress at the interface. given by the
Coulomb friction law. is itself composed of two parts: JUJu (associated with the residual
stress) and the remainder. which is associated with the loading. Except for the immediate
vicinity of the crack tip. the effect of pressuring open the crack is for the fiber to expand.
adding to the compression at the interface. Thus. the stiffer the fiber. the less will be the
expansion and. therefore. the less will be the additional interfacial shear stress. Clearly. a
constant shear stress approximation can reasonably describe the load transfer from fiber
to matrix over the slip zone; however. estimating that constant shear stress by Wi o becomes
increasingly less accurate with decreasing G,/G:.

Figure 6 shows the average axial fiber stress at the end of the slip zone. L<. versus the
dimensionless loading parameter pl(Jo. If L< were equal to O. then all of the load would have
been transmitted over the slip zone. which is the prediction of the constant shear stress
approximation. Since Lc is. in general. less than zero. some of the load is then transferred
across the nonslipping portion of the interface. Notice that more load is transmitted over
the slip zone (!:c!p gets closer to 0) as the load p/an is increased and as the modulus ratio
G liG: decreases. Coupled with the above results for the load transfer rate. it can be
concluded that estimating the load transfer with a constant shear stress approximation will
be more accurate with increasing p/an and with decreasing G,/G:. though the transfer rate
must be modified more and more as G ,IG: decreases.

Similar calculations were performed for JI equal to 0.2 and 0.1. Again it was found that
the rate of load transfer over the slip zone is almost constant: however. an approximation of
this rate based on a const'lOt shear stress JlrTo becomes increasingly accurate with decreasing
JI. This is consistent with the conclusions of an earlier study involving a frictiomtl interface
(Dollar ,lOd SteiL 1988). Furthermore. it was found that. for a given slip length. the averuge
axial fiber stress.H the end of the slip zone. L<. is virtually independent of JI.

For the live cases considered. we also computed the crack-tip opening. II'. which is
defined as

II' = lim 1I,(a. 0). ( 13)

Note that the crack-tip opening II' is nonzero due to frictional slip at the interface. Figure
7 shows the normalized opening 1I'la versus the dimensionless loading parameter piau. The
opening increases with increasing pirro. as one would expect. .lOd with increasing GdG 2'

Clcarly a more compli'lIlt matrix allows for more displacement of the tiber. Figure 7 also
shows the opening calculated with eqn (12). assuming !o is equal to JlrTn (dashed curve).
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Fig. 7. Normalized opening of the crack tip as a function of applied pressure (II = 0.3).

Comparison of this approximate resull with. say. the homogeneous case indicates that a
simple-minded. concentric cylinder model with a constant shear stress at the interface
overestimates the opening. especially for large I'/(J".

Finally. we will consider the results for the tensile stress at the plane: = O. Figure X
shows the normalized tensile stress (J ::11' in this plane versus rill for case I. the homogeneous
case. Results are presented for five different loading levels p/a". and these are compared
with the normalized tensile stress a,,/p found in the case of a perfectly bonded interface. In
contrast to the perfectly bonded interface problem. the tensile stress reaches a linill.: value
at the pcrimctcr of thc crack for thc frictional interf;H.:e pronlclll. Ilowever. as the zone of
slip decreascs. with im:reasing II or with deneasing p (J". the stress field approaches the
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Fig. 8. Tensile stress ahead of the crack lip (II = 0.3. G,G, = 1.0).
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perfectly bonded stress field. As the load increases, the interface "blunts" the crack more
and more in the sense that the stress concentration diminishes; the magnitude of this stress
concentration is found to be about the same as in the two-dimensional idealization of this
problem. which was studied in Schwietert and Steif (199\). Furthermore, it was found that
this stress concentration. for given piao• is rather insensitive to the relative modulus £ aI£1.

We also considered the distance over which the tensile stress decreases. This could give
some insight into the influence ofa broken fiber on the stress in neighboring fibers. Consider.
therefore. a composite with fiber volume fraction 0.5. If the fibers are ordered in a hexagonal
array. then the distance between the perimeters of two fibers would be about 0.7a. Figure
8 shows that the tensile stress decreases quite rapidly away from the crack and that the
decrease is roughly the same for the frictional interface problem as for the perfectly bonded
interface problem. Our calculations indicate that. for the example of pIau equal to 1.16.
a::!p is approximately equal to 0.1 at r = 1.7a. Furthermore. this enhancement in stress is
only over a small region around the plane: = 0; for increasing: (at r = 1.7a), a::lp remains
roughly equal to 0.1 up to :Ia equal to 0.5 and decreases quite rapidly thereafter. This
suggests that the influence of fiber breaks on neighboring fibers may be relatively small.

5. SUMMARY

The problem ofa single broken fiber which is connected by friction to an infinite matrix
has been studied. Using a new integml equation method, the solution to this problem has
been reduced to four simultaneous integral equations which have solved numerically.
Particular results of interest have been the rate at which 10.ld is transferred between the
tiber and the matri~. the opening of the crack due to interfacial slippage. and the stress
enhancement ne.lr the tiber bre.lk. Consistent with simple unalyses. the loud transfer near
the bre,lk has been found to be l1eurly linc.lr. However, the slope is intluenced by the relutive
moduli. and by the particular combination of residual intert~lcial pressure and friction
coctlicicnt. Also, thc proportion of IOLII.l lhat is lnlOslcrrcd ovcr the slip zone C.IO be small.
although it increases wilh the Icvel of lhe applied stress. The opening of the crack is vaguely
similar to thl: predictions of simplilied <,"alyses, though the quantitative dependence on
parameters is morl: complicated; not surprisingly. there is a subswntial dependence on
rdative mouulus. As was founu in previous studies of cracks impinging on frictional
interl~lces. the interf,lce causes the tensile stress at the tip to be tinite; the stress concentration
diminishes with the applied load. Furthermore. the decrease of stress wilh distance ahead
of the break is sulliciently mpid that .lIlY influcnce of onc fiber breuk on .t neighboring libcr
seems unlikdy as long as the matrix stays intacl.
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i\I'I'I:NDIX

I krein, we give expressions I{lr the stresses and the dtspl;Kement gradients associated with concentrated
unit ring fon;es. The kewels III the I1llegral eqns (7) anti (8) arc obtained by setting r ~ ,.'" 1I.
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Connmtruud unit ring force in the radial directiun ut (T'. z'j in a semi-infinite medium
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11,,(r.=II: "" r
J"

+e .;" ,,' ~I -i" (:+:')] + e ·;'a,) ~ :12:':J]J,( ~r')J ,(~r) d~ + 17,,(r. :)1.,
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where:

A.,=(3-4v); i.:=(8v1 -12v+S); i. J =4(I-v)(I-2v).


